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Decay of Correlations in Classical Fluids
with Long-Range Forces
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We show with simple arguments that, as a consequence of the Poisson equation,
the correlations of a charged system at equilibrium decay faster than any inverse
power, if they are integrable and monotonous at infinity. For all other long-
range systems {with potential ¢(x)}~b|x| =%, |x| —» o0, 0<s<v, s#v—2), the
decay is bounded below by an inverse power.

KEY WORDS: Long-range forces; Coulomb systems; BGY hierarchy;
correlations.

1. INTRODUCTION

The decay of the correlations in classical fluids has been the subject of a
considerable number of investigations from the physical and mathematical
viewpoint. The general situation for the high-temperature (low-density)
homogenecous phase can be described as follows. If the potential ¢(x) has
finite range or is exponential, the correlations cluster exponentially fast. If
d(x)~b|x] 7% |x| = o0, s>0, is algebraic, the decay of the correlations is
also always algebraic, with the only exception of the Coulomb systems
(s=v~—2, v=space dimension) where the decay is faster than any inverse
power.

More precisely, when @{x)~b|x] ~° with s>v (integrable case) the
correlations cluster exactly as |x| ~* (see Ref | and the references quoted
there). When O <s<v {(nonintegrable case) and s#v-—2, the heuristic
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argument that the direct correlation function c{x) behaves as — f¢(x),
|x| = co (Ref. 2) leads to a |x| ~*'~* decay. However, in the Coulomb case
(s=v—2) the Debye—Hiickel theory gives an exponential decay, a fact
which has been rigorously established in Ref 3 at sufficiently high tem-
perature or low density. It is also known that in the two-dimensional one-
component jellium and for a special value of the temperature, the
correlations have a Gaussian decay. Thus in the class of systems with
algebraic potentials, the Coulomb case appears to play an exceptional role
since only for it a decay faster than any inverse power can be obtained.

We show in this paper that the basic reason for this situation is the
harmonicity of the Coulomb potential. We work in the following setting:
we assume that the correlations of an infinite homogeneous phase are given
and obey the BGY hierarchy at temperature ' (the validity of the ther-
modynamic limit and of the BGY equations are not established here; see
Ref. 5). Then we analyze the asymptotic behavior of the terms of the BGY
equation in relation with the exponent s of the potential: constraints are
imposed on the decay of the correlations, provided that they are integrable
and that some natural bounds are verified. When s=v—2, the relation
between the charge density ‘and the field generated by it is local, i.e. given
by a differential equation, the Poisson equation. Our main result is that, as
a consequence of this fact, the correlations of a charged fluid cannot have a
monotonuous algebraic decay. In all other cases, only a power law decay is
compatible with the conditions of thermal equilibrium. In the analysis, one
must distinguish between the one-component plasma (OCP) and mul-
ticomponent systems. The latter case involves two different types of
correlations, the charge—charge and the charge—particle correlations, which
are linked in the BGY equations, and one must discuss it separately.

It is known that starting from the monotonuous Debye—Hiickel regime
and lowering the temperature, oscillations will occur.? In fact, the expec-
ted analytic properties of the structure factor lead to an exponential
oscillating decay.” Such a behavior is not excluded by our arguments, nor
do we exclude an inverse power law decay with oscillations (typically like
[x| 7 cos 4]x]|). In the non-Coulomb cases, we obtain essentially |x| = ~*
as lower bound on the decay, in agreement with the usual findings involv-
ing assumptions on the direct correlation function. A situation of special
interest is v=2, s=1 (the electrons at the surface of the liquid helium)
where we have |x| 7> as an exact lower bound.

The simplest forms of our arguments are found in Propositions 1 and
4. Some proofs have been relegated to appendixes in order to keep the
presentation as simple as possible.
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2. GENERAL SETTING

We consider infinitely extended homogeneous equilibrium states of
charged particles in R” (v = space dimension, v >2).

For an N-component system, we denote by g = (x, «) the position x
and thereafter species o of a particle of charge e,, a =1, 2,..., N. We include
also jellium systems with an additional uniform external charge density p .

The particles interact by means of a two-body potential ¢(g,q,)=
e, e, $(x —x,) with the following properties:

(a) o(x)= ,|S+¢°(lxl) O<s<v, b#0

(We include also the two-dimensional Coulomb case, v=2, s=0,
¢(x)= —In(|x|/L) + ¢°(x).]

(b) ¢°%x) is a spherically symmetric potential with compact support,
which is differentiable except possibly at x=0 and such that (Vg)(x) is
integrable at x=0.

In multicomponent systems, ¢°(x) includes the local repulsion effects
needed for thermodynamic stability. In the Coulomb jellium, we may take
¢°(x)=0.

Notice that the Fourier transform @(k)= | dx #(x) exp(ikx) of ¢(x)
behaves as®

§lk)=CbIkl" >+ k)~ C,blkl*™", k=0
s T —5)/2)
C — 2v S /2
Y A7)
The correlation functions p(g, - g,) of the state at temperature '

(p(g1), p(4:92),-. being, respectively, the singlet, doublet,... densities) are
assumed to satisfy the BGY hierarchy

(2.1)

B'Vip(g, - q,)= Z Flq.9;) p(q:-q,)

j=2
+quF(q1q)[p(qq1 "4 = p(a) plgs 7 q,)] (22)

where F(g,q,)=e, e, Flx, —x,) = —e,, e,,(Vé)(x; —x,) is the force.
' Foralls, 0<s<v, Eq. (2.2) with the truncation in the integrand of the
right-hand side is the appropriate form of the equilibrium equation. When

0<s<v-—2, the system is necessarily overall neutral (Proposition 6 of
Ref. 9)

N

Y €alatps=0  [p,=p(g)] (2.3)

x=1
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and —{dqF(q,q) p(q)=e,, | dyF(x,— y)pp is formally the contribution of
the background. When v — 2 < s < v there are no constraints on the p,, but
either (VF)(x) (v—2<s<v—1) or F(x) (v—1<s<v) are integrable at
infinity and | dgF(q,q) p(q) vanishes in a homogeneous state because of the
antisymmetry of the force (see the discussion of the BGY equations for
long-range forces in Ref. 9).

Throughout the paper we shall only consider fluid phases with decay
of the correlations insuring that the integral in the right-hand side of (2.2)
is absolutely convergent [see (2.8) below].

It will be convenient to write the hierarchy (2.2) in an alternative
equivalent form. We introduce as in Ref. 10 the excess particle density at g
when particles are fixed at g, ¢,,:

plala,a) =BT pg) 4 3 5, (24)

dgq=0(x~x;) 6

oy

The corresponding charge density generates the field E(x; ¢, - ¢,) at x
N
E(x; ¢y 4.)= | dyF(x—) Y. e.p(ylq, -~ 4,) (25)
‘ a=1

In terms of these quantities the hierarchy (2.2) becomes (using the fact that
the force is antisymmetric)

BV [p(g0)—p(q) p(Q)] = e, E(x; Q) p(q) p(Q)

+ Z F(qq,)Lp(qQ) — p(q) p(Q)] +qu’F(qq’)R(qq’Q) (2.6)

where we have set Q =(gq, "~ ¢,) and
R(qq'Q)=p(qq'Q)—p(q') p(gQ)— p(9)[p(q'Q) — p(q’) p(Q)]
- p(Q)Lp(aq') —plq) p(q')] (2.7)

When Q consists of a single point ¢, R(gq'q,) is identical with the fully
truncated three-point Ursell function p;{gq’'q,) defined in the usual way.
In the following, we shall make the assumption that the truncated
correlations have an integrable decay at infinity, ie.,
M
lPT(‘h"'qn)lgF (2.8)

r=sup;|x,— x;| for some p >v. Other more specific clustering assumptions
will be specified later.



Decay of Correlations in Classical Fluids 408

3. COULOMB SYSTEMS

In this section, we show under mild clustering assumptions that the
charge correlation functions of a Coulomb fluid cannot decay as a
monotonous inverse power law. For simplicity we consider first the charge-
charge correlations of a homogeneous one-component system in three
dimensions with a pure Coulomb force F(x)=%/|x|* (OCP). The same
results hold in two dimensions or with an additional finite-range potential.
The case of the higher-order correlations in v dimensions will be treated in
Section 3.2. General multicomponent systems are discussed at the end of
this section.

3.1. The Two-Point Correlation Function of the OCP

Denoting h(r) = p(x0)/p*>— 1, (r = |x]), the spherically symmetric two-
point Ursell function of the OCP, the second equation of the hierarchy
(2.6) reduces in this case to

d 2 2
B — h(r)=eE(r) +%k(r)+%xjdyp(x- P prlxp0)  (31)

where E(r) is the radial component of the field determined by the Poisson
equation

L d_,
o g [PE0) ] =eloh(r) + 5(x)] (32)
The main point of our argument is that, because of the local differential
relation (3.2), the decay of the field has to be slower than that of the charge
density when the latter is algebraic, a situation which is shown to be

incompatible with the equilibrium equation. This is formulated in a simple
way in Proposition 1.

Proposition 1. Assume that (1.i) lim, _  r?A(r) = 4 < o0, for some
p>3;

(Li1) for |x| large enough [p{xy0)| < M(2)/|x|?,

t=min(|x— y|, | ¥|) with  lim M(:)=0

then 4 =0.

Remark. The condition (1.ii) is slightly stronger than (2.8) in the
sense that some joint decay is required in the Ursell function as a second
particle is sent to infinity, the third one being fixed at the origin. We show
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in Appendix A that (1.i) is compatible with known exact results and is a
weak form of bounds indicated by perturbative expansions.

Proof. Integrating the Poisson equation (3.2) gives for »r #0 (Gauss
theorem)

¢ 4rnep
E(I’) 2;5—

| P () dr (3.3)

r2
with ¢ =e | dx[ ph(r) +d(x)] the total excess charge, and hence, from (1.i)

¢ 4nep A 1
E(r)*ﬁ—(p~3)rpl+o<r”“> (3.4)

Moreover, the condition (1.i1) implies that (see Lemma 1 in Appendix B)

[[dyF(x— ) prixy0) =0 (r,,{l) (35)

Inserting (3.4) and (3.5) in (3.1) gives

dh(r)_ec_4nezp A +0( 1 )
P (p=3)rr! rp1

B_l

and therefore

S 4rme’p A 1
B T )

Thus we conclude from (1.) that ¢ =0 and 4 =0 (¢ =0 is the familiar per-
fect screening rule).

In fact, the a priori assumption (l.i} of algebraic decay can be
weakened. The stronger Proposition 2 shows that the decay has to be faster
than any inverse power whenever A(r) is monotonic at infinity and the
three-point function obeys a reasonable bound in terms of A(r). It includes
the Proposition 1 as a particular case, but it also excludes nonalgebraic
decays, for instance (Inr)?/r?. The assumed bound on the three-point
function is analogous to (1.ii) (see also Appendix A) and the proof of
Proposition 2 is given in Appendix C.

Proposition 2. Assume that (2.i) 4(r) tends monotonously to zero
as r— oo;

(2.4i) For |x| large enough, |p(xy0)| < |h(x)| M(t),
t=min(lx— y|, | yl), lim M(7)=0

then lim, _, . r?h(r)=0 for all p > 0.
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In Propositions 1 and 2, the hypothesis of monotonicity played an
essential role, and we cannot exclude an oscillatory decay of the type
(cos Ar)/r”, because then the field and the charge density are of the same
order at infinity. However, certain types of oscillations can also be excluded
under slightly stronger conditions. For instance, we show in the next
proposition (proof in the Appendix D) that if the dominant asymptotic
term of h(r) has oscillations as r — oo, the latter cannot be “too slow” or
“too fast.”

Proposition 3. Assume that (3.i) A(r)= A(cos Ar*)/r” + f(r} with
x>0, a#1, p>3, and f(r)=O1/rP*1), df (r)/dr=O(1/r"*1);
(3d1) |x|” [ dy|p(xy0)] <M, then 4 =0.

3.2. Higher-Order Correlations

We turn now to the higher-order correlations of the OCP keeping the
notation

_pxQ)
pp(Q)
p(h(x)+1) can also be considered as the density in an inhomogeneous

state with external charges at x; --- x,. We allow a short-range potential as
in part (b), Section 2, and a general dimension v = 2.

h(x)

Q=(x""x,)

Proposition 4. Assume that (4.i) |x]?|h(x)| <M for some p>3,
and lim; |  APh(A%) = A(X) ae. X =x/|x|;

(4.i1) For fixed x, -~ x, and |x| large enough
|x[ 7 R(xyxy - x,)| < M(2)
r=min(|x—yl, |pl),  lim M()=0

then A(%)=0 a.e. X,

Remark. 1In (4.1) h(x) (which is now anisotropic) is assumed to decay
radially as the same inverse power law for almost all directions. The con-
dition (4.ii) on the truncated functions (2.7) is the analog of the bound
(1.ii) in Proposition 1, and is also discussed in the Appendix A.

The idea of the proof is exactly the same as that of Proposition 1. The
technical difference is that here, because of anisotropy, the Poisson
equation cannot be integrated in a straightforward manner. It turns out to

822/39/3-4-10
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be convenient here to study the asymptotics of the BGY hierarchy in the
weak sense, i.e., integrating Eq. (2.6) on test functions.

Proof. Let g(x) belong to C3 (the set of infinitely differentiable
functions with compact support), and g(x) =0 for |x| <a, a>sup,|x,|.

We replace x by Ax in Eq. (2.6), multiply it by g(x), and integrate
over x.

By the assumption (4.i), the left-hand side of (2.6) is

B W) = =[xV i = 0 (575 36)

The second term of the right-hand side is obviously O(1/A7 7"}, and it is
shown in Appendix B that under the condition (4.ii) the last term is

1 1
This implies
[ dvgton) B 0)= 0 (5 )

According to parts (a) and (b) of Section2, we split E(x;Q)=
E°(x) + E°(x) into its pure Coulomb part and short-range part, with

V-E"(x)=cuvep(x|Q)=covel:ph(x)—l— i 5(x—xj):] (3.3)

j=1

{w,=surface of the unit sphere in dimension v} and
E%(x) = —e [ dy(V4)(x = ) p(»1Q)

Since p(y|Q)is O(1/|y|?) and $°(x) has finite range, one has also E°(x) =
O(1/|x|?). This, together with g(x)=0 for |x| <a, implies

1
j dxg(x) E°(Jx) = 0 ( e 1) (39)
Since (3.9) holds for any g{x)e CP with g(x)=0, |x| <g, one has also

jdx(Vg)(x) E(Ax)=o0 </1p1 1)

for any such g.
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But by the Poisson equation (3.8), the fact that g(x)=0 for
|x} <sup,|x;| and scaling, we obtain for 1> 1

j dx(Ve)(x)- E(Jx) = —j dxg(x)V, - E(ix)

= —lw,ep J dxg(x) h(4x)

Hence [dxg(x)A”A(Ax)=o0(1). Taking the limit A—o0 we get by
dominated convergence

A(%)

|x”

0

[ axg(x)

Choosing g of the form g(x)=¢(|x]) y(x), with ¢ CP(R), o(lx])=0,
|x| <a and Y(£) any C* function on the unit sphere in R’, we obtain
[ d2y(x) A(£)=0, and hence 4(%)=0 ae. £.

We conclude from Proposition 4 that A(X) vanishes in any open set
where it is continuous. Since the correlations of a state extended in the
whole space R* are continuous, it is natural to have also A(£) continuous
everywhere, and thus A(x) cannot decay algebraically in any direction. The
sitnation will, however, be different for systems confined by hard walls,
such as the semi-infinite Coulomb gas. In this case, it is known that even in
the high-temperature phase, the decay of correlations parallel to the wall is
algebraic (~|x| ~* in dimension 3} and faster than any inverse power in all
other directions./’”) This fact is compatible with the present analysis. The
correlations of this semi-infinite system are continuous except at the wall:
they satisfy the equilibrium equations in the fluid, but vanish outside of the
wall. One can check that Proposition 4 still applies, but now A(£) can be
assumed to be continuous everywhere except at the direction £ parallel to
the wall. We then conclude that the decay is faster than any inverse power
in all directions not parallel to the wall. Parallel to the wall, where the
decay is indeed algebraic, we cannot draw any conclusion by the present
method.

3.3. Multicomponent Systems

To generalize the analysis to multicomponent systems, we consider

Y a1 €2y Py Playon{7), the charge density at |x| =r when a particle of type o, is

fixed at the origin, A,,,(r) = (1/py p.,) p(x 0, x,0,) —1 and write the
Eq. (2.6) for this quantity,
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d
B~ ar I:Z ealpmhawz(r)] = (Z eiPa) E(r)+ % [Z eilpathxlaz(r):]

.
+ =T e, | dyFOe = y) prlxy0y, 00, y2) - (310)
o2 o
with
1 d_,
757 [PE0)] = L e paaer) + €2, 0(x) (3.11)
oy

We see that in addition to the charge-particle correlation ", €, 0y Ay 0 (7),
Eq. (3.10) involves the individual particle-particle correlation 4, ,,(r), and
these different types of correlations could have different decays. However,
in a regime of monotonuous decay, h,,,,(r) has a definite sign for r large
enough. For obvious reasons of electrostatic attraction and repulsion, we
must have A, ,,(r) positive (respectively negative) when e, and e,, have the
opposite (respectively the same) sign, i.e.,

€0 €y Py an(r) <0 for r large enough (3.12)

oy &

With (3.12), the decay of the particle—particle correlations cannot be slower
than that of the charge-particle correlations since

Z eoclpoqhoqaz(r)

o1

lpaleleeazhalaz(rn <Z|palealeazhalaz(r)| = ‘ea2|
31

Then we have the exact analog of Propositions 1 and 2, for instance
Proposition 5.

Proposition 5. Assume that (3.12) holds and  (5.i)
lim, o, rP[ X €000 oy o(r) 1= 4, p>3;

(5i1) For |x,| large enough |p(x,0;,00,, yoa)l <M(1)/|x|7,
t=min(|x, — y|, |y]), lim,_, , M(¢)=0, then 4=0.

4. NON-COULOMB SYSTEMS

In this section we treat the case of long-range potentials of the type
(a), (b) of Section 2 characterized by 0 <s<v, s#v—2, and show that in
all cases the decay of correlations cannot be faster than any inverse power.
We consider a one-component system, with neutralizing background p, #0
when 0 <s<v—2. The results are summarized in the following.

Proposition 6. The truncated correlations of an equilibrium state
characterized by Eq. (2.2) and potential (a), (b) (s# v—2) cannot decay
faster then |x| ) when 0<s<v—1and |x| "“*? when v—1<s<w.
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This will follow from the next lemma where it is shown that the struc-
ture factor S(k)

S(k)=e*p f dxe™p(x]0)=e’p J dxe™ [ ph(x) + 8(x)]

= e’p(ph(k)+1) (4.1)
has an algebraic singularity at k=0 when s#v—2.

Lemma. Assume that (i) the condition (2.8) holds for p>v+1 and
n=2,3,4 (ii) for |x| large enough le”fdylpr(xyO)l < M, then

S(k)~(pbC,) " |k|"~*, k| -0 (4.2)

Proof. Writing Eq. (2.6) with Q= {x,=0}, a single point at the
origin, gives

B (Vh)(x)=e* [ dyF(x— y) p(10)

2

23 | F= ) o2(90) +8(3) p1(0)]

2

= [dyPx—y) p(r10) 4 [ F() r)  (43)
with
9) = 9 7x90) + 8(x = ») p7(x0) + 6(x) p1(30) (44)

To obtain the last term of (4.3) use has been made of the translation
invariance of the correlations and of the antisymmetry of the force. We
take the Fourier transform of Eq. (4.3) (notice that by the assumption (ii),
r(xy) is jointly integrable in x and y), and with (4.1) we get

2 2
ikp ! [% Sk)— 1] = — ik (k) S(k) + % J dyF(y) j dxe™ r(xp) (4.5)

Multiplying (4.5) by i(k/|k|) (|k] =1) for k #0 leads to

Sy a1 L oy SR
(k) Stk)=p 1~W;S(k)+w (4.6)

where we have set

flk)= —i%zﬁ-fdyF(y)jdxe”"xr(xy) 4.7)
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It is known®® that under the condition (i) the following sum rules are
valid:

ejdxp(xm---xn):o (4.82)

e [ dxxp(xix, - x,) =0 (4.8b)

forn=1, 2.
It is easy to see from the definition of the truncated functions that they
imply

j dxr(xy) =0 (492)
j dxxr(xp) =0 (4.9b)

We now let |k| - 0 in (4.6). It follows from (4.8) and (4.9) that S(k) =o(1)
and

J dxe® r(xy) =J dx(e®* —1—ik- x} r(xy)=o(lk})

as |k| — 0. Assumption (ii) implies that also f(k)=o(|k|), and hence (4.6)
gives

Jim $k) Stky=p"

This, with (2.1) gives the result of the lemma.

Then the following considerations give the result of the proposition.
Consider first the case where 0 <s<v— 1. If the conditions of the lemma
are satisfied, then %(k) has a singularity of order |k|”~* as |k| -0, and
therefore h(x) has a term of order |x| ~*'~* in its asymptotic development
around |x| = oo [h(x) may however have slower decaying contributions
coming from other possible singular points of (k) located on the real
axis]. If the conditions of the lemma do not hold, then some correlations
have to decay as or slower than |x| ~® ¥, hence not faster than |x{~*"~%
since 2v —s>v+ L.

When v— 1 < s < v, the result of the lemma is still true if the conditions
(i) and (ii) hold with p > s+ 2. Indeed, in this case, the analysis of Ref. 10
shows that the sum rules (4.8a) and (4.8b) are valid whenever the cluster-
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ing is faster than the force (~|x| ~“*Y) and |x| ~“*?), respectively). Then
we must again conclude that 4(x) cannot decay faster than |x| ==, Since
now 2v—s<s+2, there is a contradiction with the hypothesis (i) with
p> s+ 2. Therefore the clustering cannot be faster than |x| ~¢+?,

Comments

(1) In the Coulomb case s=v—2, S(k) is not singular at k=0 and
the result (4.2) of the lemma is the Stillinger—Lovett relation. Its derivation
here is essentially identical to that given in Ref. 12.

(2) The behavior (4.2) of S(k) for k — 0 is usually obtained from the
heuristic argument that the Fourier transform of the direct correlation
function &(k) behaves as —pB@(k) as k —0.) Here, under the cluster
assumptions of the lemma, Eq. (4.2) is an exact result.

(3) At high temperature and for 0 <s<v—1 (5% v—2), it is believed
that the conditions of the lemma are fulfilled, and moreover that S(k) has
no other  singularity for real %  than (4.2). Hence
S(x)~const - (kzT/b)| x|~ ~° would be the correct asymptotic behavior.

In the case of the bidimensional electron film v=2, s=1
(corresponding to the border line s=v — 1), we find that S(x) has to decay
as or slower than |x| =3 At high temperature, it is again believed that
S(x)~ —4kzT|x| 3 is correct.!!¥

(4) As mentioned in the proof of Proposition 6, A(x) can decay
slower than 1/|x|*~* This is nicely illustrated in the one-dimensional
model of Dyson and Mehta*>) with —In|x| interaction. Indeed for k ;T =1
the asymptotic behavior is —1/n°p?|x|% but for k;T=1/4 one finds
cos(2zmp |x|)/(4p |x|).

(5) The extension of the lemma and of Proposition 6 to multicom-
ponent systems is immediate. It is found that the Fourier transform S(k) of
the charge-charge correlation

S(X) =Z eaey[p(xa’ OY)—papv + 5o:y5(x)pa]

behaves as in (4.2). Hence, the particle correlations (or at least some of
them) must have a slow decay.

APPENDIX A

In this Appendix, we give some arguments indicating that the bounds
(it) of Propositions 1, 2, 4 are quite reasonable. We first consider the case
of Proposition 1.
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Since p(xx0)=0 in the OCP, we obtain from the definition of the
Ursell correlation functions

pr(xx0) = p7(x00) = —2p°h(|x]) (A1)

Furthermore, the perfect screening rule applied to the excess charge density
ep(y|x0) gives'?

[ dyor(xy0) = —20%(1x1) (A2)

It is obvious that the bound (1.ii) is compatible with the exact identities
(A1) and (A2).

Starting from the usual Mayer’s expansion and using the principles of
topological reduction, it can be shown? that

pr(xy0) = p*{exp[7 (xy0)] - 1} {1 + A(lx]) + A(Iy}) + h(jx — y)}
+ P Lh(x]) h(1y1) + A(1 x1) A(1x — y1) + A(| y]) h(1x — y1)] exp[ T (xp0)]
+ ph(|x]) A 1) h(1x — y|) exp[.7 (xy0)] (A3)

where 7 (xy0) is formally given by the following diagrammatic expansion:

J (xy0) = The sum of all simple connected diagrams
with the three root points x, y, and 0,
one or more unlabeled p-weighted field
points, three or more 4 bonds, no
articulation points, no direct bonds
connecting the root points and no articulation
pairs, such that the diagram does not become
disconnected if the root points are removed (A4)

The diagrams appearing in (A4) are highly connected; for instance, a field
point is at least connected with three other points. If 4 decays algebraically,
as assumed a priori in Proposition 1, there exist some constants & and ¢
such as

b
1A(1x1)] <exin? (AS)

which implies

d
[ @3 Hix = )| < g (6)
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where d is some constant. Using (A6), it can be easily checked that each
diagram of (A4) is bounded, for |x| sufficiently large, by N(¢)/|x|”, with
t=min(|y|, [x—y|) and N(r) a bounded function which is O(1/t*) as
t — oo. This indicates that & (xy0) and consequently p (xy0) are bounded
by similar expressions. Let us emphasize that the bound (l.i) is much
weaker than the previous semiheuristic estimation, since M(t) is only
assumed to go to zero at infinity.

The bound (2.i1) is compatible with (A1) and (A2). Assuming a priori
a “slow” decay of 4 [for instance A(|x|/2) < const - A(|x|) for |x| sufficiently
large], we estimate from (A4) that p{xy0) should be bounded by a con-
stant times }/4(|x])| |A(2)] for |x| and ¢ sufficiently large. The bound (2.i1) is
much weaker than this estimation.

In Proposition 4, there are » fixed points (x, - x,)= Q. Similarly to
(Al) and (A2), we have

R(xxQ)= —2p[p(xQ)— pp(Q)]

(A7)
R(xx;Q)= ~plp(xQ) — pp(Q)] — pp(Q) h(|x — x,|)

and

~

| yR(xyQ) = ~(n+ 1)[p(xQ) - pp(Q)] (A8)

Taking into account the general clustering property (2.8), we see that (4.ii)
is compatible with (A7) and (AS8). Similarly to (A4), we may write a
diagrammatic expansion of R(xyQ) in terms of 4. As before, for the cases of
Propositions 1 and 2, the bound (4.ii) appears to be much weaker than the
estimations obtained from this expansion.

APPENDIX B

In this Appendix, we prove three lemmas useful in the derivation of
Propositions 1, 2, and 4.

Lemma 1. If the condition (L.ii) is fulfilled, then

J dvrte— ) 16900 =0 (=) (B1)

Proof. The short-range part of the potential gives a contribution to
the left-hand side of (B1) which is bounded by

M

x| ?

J vy = yi=0( =) (82)
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where M =sup{M(z); t>0}. Thus it is sufficient to consider the Coulomb
part of the force for proving (B1). x being given, we have

de... zéj@idy._.

2, ={Iyl<Ixl; Iy <|y—xl}
D, ={ly—xI<|xl;ly—x|<|yl} (B3)
Dy={|x| <|yl; x| <|y—x|}

Using the bound involved in (1.ii), we obtain for |x| large enough

R B e
WL
e P @
Since M{(r) goes to zero as ¢ — oo, we have
JMM &y M,S,y2|)= o] x|) (BS)
and thus from (B4)
J| e 3) pr0) = (Ix_ll—_‘) (B6)
Similarly, we find
[ = 3 20 =0 () (87)

Since the points x, y, and 0 play identical roles in p{xy0) the bound (2.ii)
also gives

M(ix|)

ly—x|”

lpr(xy0)] < (B8)
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for y € 9;. Therefore, we have

l,

1
P (= 3) ()| <M [ e

3

1 4mM(x]) 1
<M('X|)J‘1y‘x{;|x1 iy_x|p+2—'(p_1)|xlp1—0<|x|l’—1

) ®)
This, with (B6) and (B7) gives the result of the lemma.

Lemma 2. If the conditions of Proposition 2 are fulfilled, then

J vt 3) 20390) =il + o 1

— h B10
il (Iyl)> (B10)

Proof. As in Lemma 1, it is again sufficient to consider the Coulomb
part of the force. The integral upon y is split into three parts as in (B3). By
identical manipulations to the ones leading to (B6) and (B7), we find

J@ , dyFe(x — y) p£(xy0) = o(jx] A(]x{)) (B11)

Similarly to (B8), we can write
lpr(xy0)] < M(Ix[)|A(]x — y1)I (B12)

for ye &,. Then, we have

. e
L arPe= ) pal0)) < MO [ dy%&—y{g
(1 = 1)
<M(\X\)jlx~yl>|x\ |X—J’|2
M ayiagni (B13)
|x1* s <

The condition (2.i) implies that A(|y[) has a constant sign for |y| large
enough and then
Jl 1<l

x|y

GO

x| < iyl

| dyh(|y|)’ (B14)
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for |x| large enough. Using (B14) in (B13) together with M(|x|) -0 as
|x| — oo, we obtain

1
[ F- ) pro0=o(os] ahih)  ®19)
P %[ % Y1z <151

Combining (B11) and (B15), we find (B10).
Lemma 3. If the condition (4.ii) is fulfilled, then

1
fdxg(x)jdyF(zx—y)R(,lx, 7, Q)=O<FT> (B16)

Proof. Making the variable change x’=Ax, we transform the left-
hand side of (B16) into

’

sl axe (%) [ rx =) Reev) (B17)

Since g(x) vanishes for |x| < a, the integral upon x’ in (B17) is restricted to
|x’| > Aa. Using Lemma 1 with R in place of p,, x' in place of x, and Q in
place of 0, we then obtain

Aafdng,)fdyF(x — y) R(x'yQ) —o( jdxg< )#) (B18)

which leads to (B16) by returning to the variable x = x'/A.

APPENDIX C

In this Appendix, we give the proof of Proposition 2.

Using (3.3) and lemma 2 of Appendix B, the BGY equation (3.1)
becomes
dk(r) ¢

B! = P—I(r)+o(1(r))+o(rh(r)) (C1)

where .
4me’p oo
I(r)= nrez p f dir*h(t)

r

and c is the total excess charge defined in Section 3.1. Using the general
clustering property (2.8) and integrating (C1) from r to oo, we obtain

B h(r)= —e=+o0 <1> (C2)
r r

which implies ¢ =0.
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Let us integrate now (Cl1) from r to r+d where J§ is some fixed
parameter, 6 > 0. We get

f’” diI(t) + 0 O'” dt](t))

r

r

=I3—1[h(r)—h(r+5)]+0(Jr+édtth(t)> (C3)

Using condition (2.i) we have for r sufficiently large

|h(r) = h(r+ )| <2|A(r)]
(C4)

j'” dzth(t)‘ <g (2r + 8)|h(r)|

Thus, for any given & > 0, there exists R, such as for » > R, the modulus of
the right-hand side of (C3) is bounded by
2B Y [h(r)| + eme’pdr |h(r)) (C5)

Furthermore, there exists R, such as for r> R,, the modulus of the left-
hand side of (C3) is bounded below by

r+é
1 [ " e (C6)
Denoting Ry =max(R,, R,), we then obtain for r > R;
r+6
j diI(1)| < 4B~ |h(r)| + 26mpe25r 1h(r)] (C7)
The mean value theorem gives
r+4
j dtl(1) = 8I(r + &) (C8)

r

with 0 < & < 6. The condition (2.i) implies that h(r) has a constant sign for r
sufficiently large. We then have

4 2 o )
I(r + &) =(—r~’f£—’;2 Li A2 |h(1)| > dne’p Li dilh(t)  (C9)
which implies using (C8)
f” dtl(1)| > dne?ps (Jw dih(1)| —j'” dtlh(t)\) (C10)
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Combining (C7) and (C10), we obtain

o) 1 &
f dtlh(t)|<5<1+m> [h(r)| + r(r) (C11)

r

where we have again used the monotonic decay of |A(r)| and & < 4. Defin-
ing R =max[R;, (26/¢)(1 + 1/mnpBe’6?)], (C11) gives for r > R

jw dt |h(1)| < er | h(r)] (C12)

r

The inequality (C12) can be rewritten as

d_ e d_ 1\
Elnf dt|h(t)|<Eln<7) (C13)

Integrating (C13) from R to r and using the monotonicity of the logarithm,
we find

jw dt |h(1)] < (?)”s jw dt |h(t)| (C14)
Since
[ drl) >j2' dt|h(t)| > rh(2r)] (C15)

we finally obtain for r > 2R

2R>1+1/51 ©

|h(r)|<< R dt|h(t)| (C16)

r

The final step of the proof immediately follows from (C16). For any
given p >0, there exists some R >0 such as the inequality (C16) holds with
¢=1/p. This implies

lim r?h(r)y=0 forany p>0 (C17)

r— oo

which is the required result.
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APPENDIX D

We prove the Proposition 3.
Working out the asymptotic behavior of the field from (3.3) and (3.i)
gives (setting A=1)

dnepA ro t* 1
E(;»):r_cz_ nep f ar &% +0(~>

r P2 rP
¢ A4mepAf sinr* (p+a—3) (e  sint® 1
=G+ [rp_m— = j dt—m|+0(=) Oy

and by the Riemann Lebesgue lemma

sin ¢* 1 o gin(tr)* 1
___J\ tp+az— =rp—1+n:_[1 d[tp+a—2=o<rp—1+a> (Dz)

The hypothesis (3.ii) implies that the last term of the righ-hand side of (3.1)
is O(1/r”). Thus with (3.), (D1) and (D2) we find that the asymptotic
behavior of (3.1) is

sin r*  4me’pA sinr*  ec
o P 1+a r2

1
0<m>, O<a<1
r

1
0<_p>’ a>1
r

This implies c=0 and A =0 for all 2>0, 2 1.

— Ao =
rp—u+1

+
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